The assumptions implicit in the simplified expressions used to convert the torque-rotational speed data of parallel-disk viscometry into rim shear rate and rim shear stress are identified. The rim shear stress generated by the simplified expression is compared against the actual rim shear stress. The error involved is quantified for two standard rheological models and for a set of laboratory data. Under normal operation conditions of parallel-disk viscometers this error was found to be within the acceptable limit. However, for highly shear thinning fluids and for fluids exhibiting yield stress this error can become very large. The suitability of the approximate rim shear stress in wall slip determination is then briefly discussed. 
INTRODUCTION
The cone-and-plate and the parallel-disk viscometers are undoubtedly the two most commonly employed viscometers in rheological laboratories. They have many features in common but the parallel-disk geometry has a number of practical advantages over the cone-and-plate geometry. Chief among these are the relative ease with which the parallel disks can be set up and the continuously adjustable disk gap that gives the parallel disks the ability to cope with fluids with large suspended particles or droplets. In addition the adjustable disk gap also makes the parallel-disk viscometer a popular tool for investigating wall slip [1] . However, the paralleldisk geometry has a serious drawback. The shear rate g · experienced by the fluid under test varies significantly from the centre to the rim of the disks. As a consequence there does not appear to be a simple way of converting the torque versus rotational speed (G, W) data into a shear rate versus shear stress relationship t(g · ) or a viscosity function h(g · ). The shear rate vanishes at the centre of the disks and rise to the maximum value of g · R at the rim. Except for extremely low rotational speeds, this variation cannot be assumed to be small. Therefore using a representative average shear rate, as is generally done in small angle cone-and-plate and narrow-gap Couette viscometers, may not be an acceptable approximation [2] . This variation in shear rate means that the shear stress also shows significant radial variation across the disks. More importantly, since the rheological properties of the fluid under test are not known at the start of the parallel-disk measurements, the functional form of the shear stress variation is also not known and this makes it impossible to express the torque as a radially weighted integral of the shear stress. The problem of processing the parallel-disk data takes the form of an inverse problem with all the attendant ill-posed difficulties [3] .
In the parallel disk viscometer the radial variation in shear rate is determined mainly by the kinematics of the flow field within the disk gap while the shear stress variation depends on the rheological behaviour of the fluid under test. This is just the opposite of the capillary viscometer and the Couette viscometer. In these two viscometers the shear stress at any radial position, irrespective of the fluid under test, can be calculated directly from the measured pressure drop (for capillary viscometry) and the torque (for Couette viscometry). But the shear rate at any radial position depends on the fluid under test. Consequently the method of processing parallel-disk viscometry data follows an entirely different path. The current method implemented in many commercial viscometers for converting rotational speed into an appropriate shear rate is simple and reliable. But the same cannot be said of the corresponding calculation of shear stress. This investigation describes and quantifies the error introduced by a very popular method of converting torque into the shear stress t R at the rim of the disks. This method is implemented in many of the software that accompanies the current generation of commercial viscometers and is frequently applied without justification and/or explanation.
CURRENT PROCEDURE FOR HANDLING PARALLEL-DISK DATA
Instead of treating the collection of (G, W) data points generated by a particular parallel-disk geometry as a set, this popular method processes the data from the set one point at a time. This has the great advantage that each pair of ((G, W) readings is converted into a representative shear rate and shear stress instantaneously as they are being measured. An entire shear stress curve t(g · ) and/or a viscosity function h(g · ) can then be generated in real time as the measurement progresses. In this method each measured (G, W) data point is converted individually into the shear rate and shear stress that prevail at the rim of the disks i.e. (g · R , t R ) using the following simple expressions [4] (1a)
R is the radius of the disk and h is the disk gap. Equation 1a assumes that the velocity field within the disk gap is essentially unidirectional with the azimuthal velocity as the only significant velocity component. It further assumes that this velocity component is axisymmertic and is linear in the radial r and in the axial z directions [4] . According to the finite element simulations of Shipman et al. [5] , all these assumptions are closely met under the conditions normally encountered in the operation of the parallel-disk viscometer viz. small h:R ratio, insignificant inertial contribution, compared to viscous contribution, to the equation of motion, the cylindrical fluid free surface at the rim of the disks remains relatively flat in the vertical direction. Consequently Eq. 1a gives a very reliable estimate of g · R . Equation 1b expresses the rim shear stress in terms of the measured torque and rotational speed (via g · R ). Implicit in this expression is the key assumption that the radial shear stress profile across the disk, 0 £ r £ R, follows that for a Newtonian fluid i.e. the stress is linear in r. The validity of this assumption clearly depends on the rheology of the fluid under test and for some rheologically complex fluids this may incur considerable error. To correct for this source of error Cross and Kaye [6] associated the Newtonian vis-
by Eq. 1 with a reduced shear rate i.e. h non-N (ag · R )= t R N /g · R where a is a numerical correction factor. Cross and Kaye recommended that a = 3/4 [6] . In a recent paper Shaw and Liu re-examined this correction factor and they proposed that a more appropriate correction factor is a = 4/5 [7] .
Most commercial parallel-disk viscometers apply Eq. 1 to convert the measured torque and rotational speed into rim shear stress and rim shear rate. This is done automatically by the built-in computer software of the viscometers. Consequently users of the viscometers are often unaware of the assumptions involved in and the significance or otherwise of the error introduced by Eq. 1. The main purpose of the present investigation is to highlight and quantify the errors involved. For a given torque G, superscript N will be used to distinguish the Newtonian-based approximate rim shear stress t R N given by Eq. 1b from the actual rim shear stress t R . In this investigation the difference between t R N and t R will be reported for a number of fluid models. By following the variation of this difference with the parameters in the fluid models it will then be possible to observe how rheology affects the validity of the Newtonian-based Eq. 1b in handling paralleldisk data.
EQUATIONS OF PARALLEL-DISK VISCOMETRY
The exact expression relating the torque G to g · R and the shear rate dependent viscosity h(g · ) of the fluid under test is [4] (2) This equation can be converted into the following form that gives the actual rim shear stress t R [4] (3)
Compared to Eq. 1b, it is clear that to convert the measured G into the exact t R requires not only the value of G but also the derivative of log e G with respect to log e g · R . This means that the parallel-disk data (G, W) cannot be treated one point at a time. Differentiation of the experimental (G, W) data is an ill-posed operation in that, if not performed carefully, it will amplify the noise in the data leading to a totally unreliable t R [3] . For a Newtonian fluid this derivative is identically equal to unity and Eq. 3 reduces to Eq. 1b.
COMPARISON OF RIM SHEAR STRESSES
For any disk of radius R and rotating with a rim shear rate of g · R , the actual rim shear stress t R is given directly by the rheological model, i.e. t(g · ) or h(g · ), that describes the shear behavior of the fluid in the gap. The model also allows the torque G(g · R ) to be computed using Eq. 2. This torque can then be converted into a Newtonian-based rim shear stress t R N through Eq. 1b. The percentage difference Dt R = (t R N -t R )/t R · 100% can then be used to quantify the error introduced by Eq. 1b. This difference will be evaluated for a simplified Bird-Carreau fluid and for a fluid exhibiting yield stress described by the Herschel-Bulkley model. Similar calculations will also be performed using the parallel-disk data for a hydroxypropyl methylcellulose solution taken from the literature. No rheological model will be assumed for this solution. Instead of a model-based t R , the model-independent t(g · ) curve for the solution reported by Yeow et al. [8] will be used in the evaluation of the percentage error.
Three-Constant Bird-Carreau Fluid
The Bird-Carreau constitutive equation is widely used to describe shear thinning fluids that exhibit a Newtonian behavior at very low shear rates (and also at very high shear rates). A simplified three-constant form of this model is (4) This model exhibits a constant viscosity h 0 at low shear rates and is thus able to capture the low shear rate Newtonian behavior that prevails in the neighborhood of the centre of the disk. 1/l is the characteristic shear rate for the onset of significant shear thinning. Unlike the full Bird-Carreau model, the three-constant model does not exhibit a second Newtonian behavior at high shear rates. At very high shear rates, g · >> 1/l, this model approaches the behavior of a power-law model with the same index n.
Substituting Eq. 4 into Eq. 2 and combining the resulting computed G with the definition of t R N and of Dt R led to the following estimate of the error in rim stress introduced by Eq. 1b (5) The integral on the RHS is performed analytically using standard scientific computing software. Instead of writing out in full the outcome of the integration, this is left in the computer.
From Figure 1 it is clear that the error introduced by the Newtonian expression is tolerable for n greater than about 0.6. And not surprisingly it is also acceptable for all n when the rim shear rate is small, g · R >> 1/l, since at these low shear rates the Bird-Carreau model is essentially Newtonian.
Herschel-Bulkley Model
Many rheologically complex fluids either do not deform or deform only at an imperceptible rate when the applied shear stress is below some critical value. In most engineering calculations this kind of behavior is modeled as a fluid with yield stress t Y . A popular constitutive model describing fluids that behave in this manner is the Herschel-Bulkley yield stress model. For the purpose of investigating the torque generated by such a model, it is convenient to put the Herschel-Bulkley model in the following form (6) The flow field of a Herschel-Bulkley fluid, and more generally of any fluid model with a yield stress, in the parallel-disk viscometer is very different from its behavior in a capillary viscometer or a Couette viscometer. In the capillary viscometer, in the neighborhood of the axis, the shear stress falls below the yield stress. The fluid there is therefore un-sheared and flows along the capillary as a solid central core. Similarly, in the Couette viscometer, with a sufficiently large gap, the shear stress close to the outer wall of the viscometer again falls below the yield stress and the fluid there remains as an un-sheared outer core. In the case of the parallel-disk viscometer, assuming that the fluid adhere to the disk surfaces, at any finite radius the fluid is experiencing a non-zero g · = wr/h. Thus unlike the other two viscometers, there is no un-sheared solid core in the central of the disks. Consequently, t > t Y for r > 0 and t = t Y at r = 0. The finite stress at r = 0 means that using of Eq 1b is likely to incur a very significant error.
Combining the Herschel-Bulkley model with the definition of t R N and of Dt R led to this expression
The dimensionless combination of mg · R n /t Y arises naturally as the independent variable in the expression for Dt R with n as an independent parameter. The Dt R given by Eq. 7 is plotted in Figure 2 . It shows that, for all n, the over estimation introduced by the Newtonian-based rim shear stress is very large at low rim shear rates. This is because for mg · R n /t Y << 1 the yield stress dominates and this is not accounted for by the Newtonian expression. At the other extreme, when mg · R n /t Y >> 1, the viscous stress generated by shear deformation is much larger than the yield stress, the Herschel-Bulkley model then degenerates to the power-law model and the limiting value on each of the curves in Figure 2 becomes the error incurred for the power-law fluid with the corresponding n. In particular for n = 1, the error approaches zero in the limit as the Herschel-Bulkley model then becomes a Newtonian fluid.
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A Hydroxypropyl Methylcellulose Solution
Steffe [9] reported the (G, g · R ) data of a 3% hydroxypropyl methylcellulose solution at 24.2°C. His data are reproduced in Figure 3a in loglog format to show up the data trend at very low rim shear rates. These data are for disk gap h = 0.7 mm and disk radius R = 25 mm.
Following the current common practice in processing parallel-disk data, Eq. 1b is ,used to convert these data, each point taken individually, into t R N . The outcome is shown as discrete points in Figure 3b . Yeow et al. [8] applied Tikhonov regularization to convert the same set of data points, taking the entire set in one go, into a single shear rate-shear stress relationship t(g · ).
For comparison, their result is shown as a continuous curve in Figure 3b . This plot is presented in linear format in order to reveal the error introduced by Eq. 1b at high shear rates. It should be stressed that the discrete points are based on the Newtonian equation while the curve is a modelindependent description of the steady-shear property of the hydroxypropyl methylcellulose solution. The accuracy of the continuous curve has been checked by back calculations [8] . This curve can therefore be regarded as the "true" shear stress-shear rate relationship of the solution under test and because of the nature of Tikhonov regularization this curve is independent of any assumed rheological model. The difference between the discrete points and the continuous curve in Figure 3b is an indication of the error introduced by the simplified Newtonianbased Eq. 1b.
The difference between the rim shear stress given by the Newtonian-based expression and that reported by Yeow [8] is plotted as a percentage of the latter in Figure 3c . At high rim shear rates the Newtonian-based result has again over estimated the actual shear stress. The error there is between 5 to 10%. This is reasonably close to that expected for a power-law model with n ≈ 0.934 used by Steffe [9] to describe the shear rheology of this solution.
At low shear rates the Dt R does not exhibit any clear trend. The most noticeable feature there is that the Newtonian expression no longer consistently overestimates the actual rim shear stress. This random behavior can be traced to the experimental noise in the raw(G, g · R ) data at low rim shear rates which then shows up in the Newtonian-based t R N . With the result from Tikhonov regularization the built-in regularization parameter has succeeded in damping out the noise in the data resulting in a relatively smooth t(g · ) curve. As mentioned above, Steffe [9] treated this hydroxypropyl methylcellulose solution as a power-law fluid and filtered out the noise by fitting a least-squares straight line through the data point. He obtained a set of (g · R , t R ) data points that are in closer agreement with the Tikhonov regularization result than the comparison in Figure 3b . The error involved in this case is again around 10% and is therefore acceptable for many applications.
RIM SHEAR STRESS AND SLIP VELOCITY
From the three cases considered in this investigation, it can be seen that for most shear thinning fluids the Newtonian-based t R N is likely to over estimate the true rim shear stress t R by 5 to 10%. As a general indicator of shear stress variation, the t R N given by Eq. 1b is probably acceptable. However it is noted that the t R data, and in some cases t R N , obtained for different disk gaps are used in the calculation of the wall slip function v slip (t W ) -the function relating slip velocity to wall shear stress t W based on the technique described by Yoshimura and Prud'homme [1] . In this technique the two rim shear stresses, for the same rim shear rate, from two difference disk gaps are compared against one another. Their difference is then used in the computation of v slip (t W ). When taking the difference between the two Newtonian-based rim shear stresses from two different gaps, especially when the stresses are not significantly different from one another, the effective error bar of the difference is likely
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to be very much larger than the 5 to 10% of the individual t R N . For such calculations t R N is clearly not acceptable as an approximation of the actual rim shear stress. In some of the published wall slip investigations it has not been made clear whether the v slip (t W ) was based on the difference of two actual rim shear stresses or the difference of two t R N generated directly by the software that accompanies the parallel-disk viscometer used in the slip velocity investigation. Consequently such slip velocity functions will have to be treated with some caution. It is noted that in their original investigation of wall slip Yoshimura and Prud'homme [1] stated explicitly that they used the rim shear stresses obtained via the exact expression i.e. Eq. 3. They did not make any reference to the approximate Newtonian-based expression.
IMPROVED RIM SHEAR STRESS ESTIMATION
In a typical parallel-disk viscometer of today the raw torque-rotational data are often converted directly into a shear stress-shear rate relationship. Since the user is often not made aware of the approximations made, particularly that involving Eq. 1b, the purpose of the present investigation is to bring this to the attention of the users of what is clearly an increasingly more popular instrument. As the rheological model appropriate for the fluid under investigation is generally not known before hand or the fluid may not even be describable by any of the standard rheological models this rules out the direct evaluation of a model-based Dt R as an estimation of the error introduced by Eq. 1b. To make use of Dt R in any back-calculated correction for the rim shear stress would then involve a tedious iterative process. The reliability and the convergence of such a process have not been investigated. It is therefore not suggested that the kind of Dt R plots reported here be used in back calculations to obtain an improved estimate of the actual rim shear stress. A more fruitful approach would be to use the exact relationship given by Eq. 3 to convert the measured torque into true rim shear stress. This requires the evaluation of the derivative of a set of parallel-disk data which can be done by fitting an appropriate curve through the (G, g · R ) data and differentiating the fitted curve to obtain the required derivative on the RHS [9] .
It should be borne in mind that differentiation of experimental data, however it is performed, is an ill-posed problem and requires careful consideration if noise amplification is to be kept under control. The procedure, based on Tikhonov regularization, reported recently by Yeow et al. [8] is an example of the specialized procedure used to deal with the ill-posed nature of the parallel-disk viscometry problem.
CONCLUSIONS
The simplified Newtonian-based expression for converting the measured torque into rim shear stress overestimates the actual rim shear stress, typically by around 5 to 10%. For highly shear thinning fluids and for fluid exhibiting yield stress this error can exceed 30%. Because of the large build up of error when calculating the difference between two rim shear stresses from two different disk gaps, the use of the simplified Newtonian-based expression in wall slip investigation is not recommended.
